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Abstrat
In this paper, we prove the following result:
Let A be an innite set of positive integers. For all positive
integer n, let τn denote the smallest element of A whih does
not divide n. Then we have
lim
N→+∞
1
N
N∑
n=1
τn =
∞∑
n=0
1
lcm{a ∈ A | a ≤ n}
.
In the two partiular ases when A is the set of all positive integers and
when A is the set of the prime numbers, we give a more preise result for
the average asymptoti behavior of (τn)n. Furthermore, we disuss the
irrationality of the limit of τn (in the average sense) by applying a result
of Erd®s.
Keywords. Least ommon multiple; Speial sequenes of integers; Convergene
in the average sense; Irrational numbers.
AMS lassiation. 11B83, 40A05.
1 Introdution and Results
In Number Theory, it is frequent that a sequene of positive integers does not
have a regular asymptoti behavior but has a simple and regular asymptoti
average behavior. As examples, we an ite the following:
(i) The sequene (dn)n≥1, where dn denotes the number of divisors of n.
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(ii) The sequene (σ(n))n≥1, where σ(n) denotes the sum of divisors of n.
(iii) The Euler totient funtion (ϕ(n))n≥1, where ϕ(n) denotes the number of
positive integers, not exeeding n, that are relatively prime to n.
We refer the reader to [3℄ for many other examples.
In this paper, we give another type of sequene whih we desribe as follows:
Let a1 < a2 < · · · be an inreasing sequene of positive integers whih we denote
by A . For all positive integers n, let τn denote the smallest element of A whih
doesn't divide n. Then, we shall prove the following
Theorem 1 We have
lim
N→+∞
1
N
N∑
n=1
τn =
∞∑
n=0
1
lcm{a ∈ A | a ≤ n}
in both ases when the series on the right-hand side onverges or diverges.
In the partiular ases when A is the sequene of all positive integers and when
it is the sequene of the prime numbers, we rene the proof of Theorem 1 to
obtain the following more preise results:
Corollary 2 For all positive integers n, let en denote the smallest positive integer
whih doesn't divide n. Then, we have
1
N
N∑
n=1
en = ℓ1 +ON
(
(logN)2
N log logN
)
,
where
ℓ1 :=
∑
n∈N
1
lcm(1, 2, . . . , n)
< +∞.
Corollary 3 For all positive integer n, let qn denote the smallest prime number
whih doesn't divide n. Then, we have
1
N
N∑
n=1
qn = ℓ2 +ON
(
(logN)2
N log logN
)
,
where
ℓ2 :=
∑
n∈N
1∏
p prime, p ≤ n
p
< +∞.
Further, by applying a result of Erd®s [1℄, we derive a suient ondition for the
average limit of (τn)n to be an irrational number. We have the following.
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Proposition 4 Let d(A ) denote the lower asymptoti density of A , that is
d(A ) := lim inf
N→+∞
1
N
∑
a∈A
a≤N
1.
Suppose that d(A ) > 1− log 2. Then, the average limit of (τn)n is an irrational
number.
In partiular, the numbers ℓ1 and ℓ2 appearing respetively in Corollaries 2 and
3 are irrational.
2 The Proofs
2.1 Some preparations and preliminary results
Throughout this paper, we let N
∗
denote the set N \ {0} of all positive integers.
For a given real number x, we let ⌊x⌋ and 〈x〉 denote respetively the integer
part and the frational part of x. Further, we adopt the natural onvention that
the least ommon multiple and the produt of the elements of an empty set are
equal to 1.
We xe an inreasing sequene of positive integers a1 < a2 < · · · , whih we
denote by A and for all positive integer n, we let τn denote the smallest element
of A whih doesn't divide n.
For all α ∈ A , we let L(α) denote the positive integer dened by
L(α) :=
lcm{a ∈ A | a ≤ α}
lcm{a ∈ A | a < α}
. (1)
We let then B denote the subset of A dened by
B := {a ∈ A | L(a) > 1} . (2)
We shall see later that B is just the set of the values of the sequene (τn)n. We
begin with the following lemma
Lemma 5 For all positive integer n, we have
lcm {a ∈ A | a ≤ n} = lcm {b ∈ B | b ≤ n} .
Proof. Let n ≥ 1 and let a1, . . . , ak be the elements of A not exeeding n. By
using the following well-known property of the least ommon multiple:
lcm(a1, . . . , ai, . . . , ak) = lcm(lcm(a1, . . . , ai), ai+1, . . . , ak) (for i = 1, 2, . . . , k),
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we remark that when ai 6∈ B, we have L(ai) = 1 and then lcm(a1, . . . , ai) =
lcm(a1, . . . , ai−1). So, eah ai not belonging to B an be eliminated from the
list a1, . . . , ak without hanging the value of the least ommon multiple of that
list. The Lemma follows. 
From Lemma 5, we derive another formula for L(α) (α ∈ A ). We have for
all α ∈ A
L(α) =
lcm{b ∈ B | b ≤ α}
lcm{b ∈ B | b < α}
. (3)
The next lemma gives a useful haraterization for the terms of the sequene
(τn)n.
Lemma 6 For all positive integers n and all α ∈ A , we have:
τn = α ⇐⇒ ∃k ∈ N
∗, k 6≡ 0 mod L(α) suh that n = k · lcm{b ∈ B | b < α}.
Proof. Let n ∈ N∗ and α ∈ A . By the denition of the sequene (τn)n, the
equality τn = α amounts to saying that n is a multiple of eah element a ∈ A
satisfying a < α and that n is not a multiple of α. Equivalently, τn = α if
and only if n is a multiple of lcm{a ∈ A | a < α} without being a multiple of
lcm{a ∈ A | a ≤ α}. So, it sues to set k := n
lcm{a∈A | a<α}
to obtain the
equivalene:
τn = α⇐⇒ ∃k ∈ N
∗, k 6≡ 0 mod L(α) suh that n = k · lcm{a ∈ A | a < α}.
The lemma then follows from Lemma 5. 
Corollary 7 The sequene (τn)n takes its values in the set B. Besides, any
element of B is taken by (τn)n innitely often.
Proof. Let α ∈ A . If α 6∈ B, then we have L(α) = 1 and thus there is no
k ∈ N∗ suh that k 6≡ 0 mod L(α). It follows, aording to Lemma 6, that α
annot be a value of (τn)n.
Next, if α ∈ B, then L(α) ≥ 2 and thus there are innitely many k ∈ N∗ suh
that k 6≡ 0 mod L(α). This implies (aording to Lemma 6) that there are
innitely many n ∈ N∗ satisfying τn = α. The orollary is proved. 
Atually, given α ∈ B, Lemma 6 even gives an estimation for the number of
solutions of the equation τn = α in an interval [1, x] (x ∈ R
+). For x > 0 and
α ∈ B, dene
ϕ(α; x) := #{n ∈ N∗, n ≤ x | τn = α}.
Then, we have the following:
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Corollary 8 Let α ∈ B and x > 0. Then we have
ϕ(α; x) =
L(α)− 1
lcm{b ∈ B | b ≤ α}
.x+ cα,x,
where |cα,x| < 1. Furthermore, if lcm{b ∈ B | b < α} > x, then ϕ(α; x) = 0.
Proof. Let α ∈ B and x > 0. By Lemma 6, we have
ϕ(α; x) = #
{
k ∈ N∗ | k ≤
x
lcm{b ∈ B | b < α}
and k 6≡ 0 mod L(α)
}
=
⌊
x
lcm{b ∈ B | b < α}
⌋
−
⌊
x
L(α).lcm{b ∈ B | b < α}
⌋
=
x
lcm{b ∈ B | b < α}
−
x
L(α).lcm{b ∈ B | b < α}
+ cα,x,
where cα,x := −〈
x
lcm{b∈B | b<α}
〉 + 〈 x
L(α).lcm{b∈B | b<α}
〉. So, it is lear that
|cα,x| < 1. Next, we have
x
lcm{b ∈ B | b < α}
−
x
L(α).lcm{b ∈ B | b < α}
=
L(α)− 1
L(α).lcm{b ∈ B | b < α}
.x
=
L(α)− 1
lcm{b ∈ B | b ≤ α}
.x,
by using (3). This onrms the rst part of the orollary.
Now, if lcm{b ∈ B | b < α} > x, then none of the integers of the range
[1, x] is a multiple of lcm{b ∈ B | b < α}. It follows, aording to Lemma 6,
that the equation τn = α doesn't have any solution in the range [1, x]. Hene
ϕ(α, x) = 0.
This onrms the seond part of the orollary and ends this proof. 
Now, let b1 < b2 < · · · be the elements of B. To prove our main result, we
will need some properties of the sequene (bn)n. For simpliity, let for all n ≥ 1
Ln := L(bn) ≥ 2.
Then, by (3), we have
Ln =
lcm{b ∈ B | b ≤ bn}
lcm{b ∈ B | b < bn}
=
lcm(b1, b2, . . . , bn)
lcm(b1, b2, . . . , bn−1)
,
whih gives
lcm(b1, b2, . . . , bn) = Ln · lcm(b1, b2, . . . , bn−1) (∀n ≥ 1).
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By iteration, we obtain for all n ≥ 1
lcm(b1, b2, . . . , bn) = L1L2 · · ·Ln ≥ 2
n. (4)
For the simpliity of some formulas in what follows, it is useful to set b0 := 0
and L0 := 1. Note that b0 6∈ B. We have the two following lemmas:
Lemma 9 We have
∑
n∈N
1
lcm{a ∈ A | a ≤ n}
=
∞∑
k=1
bk − bk−1
L1L2 · · ·Lk−1
.
Proof. Aording to Lemma 5, we have
∑
n∈N
1
lcm{a ∈ A | a ≤ n}
=
∑
n∈N
1
lcm{b ∈ B | b ≤ n}
=
∞∑
k=1
∑
bk−1≤n<bk
1
lcm{b ∈ B | b ≤ n}
=
∞∑
k=1
bk − bk−1
lcm(b1, b2, . . . , bk−1)
=
∞∑
k=1
bk − bk−1
L1L2 · · ·Lk−1
(aording to (4)).
The Lemma is proved. 
Lemma 10 Let r be a positive integer and N be an integer suh that
lcm(b1, b2, . . . , br−1) ≤ N < lcm(b1, b2, . . . , br).
Then, we have
1
N
N∑
n=1
τn = S1(N) + S2(N)f(N, r),
where
S1(N) := −
br
L1L2 · · ·Lr
+
r∑
k=1
bk − bk−1
L1L2 · · ·Lk−1
, S2(N) :=
1
N
r∑
k=1
bk
and f(N, r) is a funtion of N and r, satisfying |f(N, r)| < 1.
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Proof. Aording to Corollaries 7, 8 and to the relation (4), we have
1
N
N∑
n=1
τn =
1
N
∑
α∈B
∑
1≤n≤N,τn=α
α
=
1
N
∑
α∈B
αϕ(α;N)
=
1
N
∑
α∈B
lcm{b∈B | b<α}≤N
αϕ(α;N)
=
1
N
r∑
k=1
bkϕ(bk;N)
=
1
N
r∑
k=1
bk
(
Lk − 1
L1L2 · · ·Lk
N + ck,N
)
(where |ck,N | < 1)
=
r∑
k=1
bk
(
1
L1L2 · · ·Lk−1
−
1
L1L2 · · ·Lk
)
+
1
N
r∑
k=1
bkck,N .
Then, the lemma follows by remarking that
r∑
k=1
bk
(
1
L1L2 · · ·Lk−1
−
1
L1L2 · · ·Lk
)
=
r∑
k=1
(
bk−1
L1L2 · · ·Lk−1
−
bk
L1L2 · · ·Lk
)
+
r∑
k=1
bk − bk−1
L1L2 · · ·Lk−1
= −
br
L1L2 · · ·Lr
+
r∑
k=1
bk − bk−1
L1L2 · · ·Lk−1
and by dening
f(N, r) :=
∑r
k=1 bkck,N∑r
k=1 bk
,
whih satises |f(N, r)| < 1 (sine |ck,N | < 1 for all k ≥ 1). This ompletes
the proof. 
We will nally need two lemmas on the onvergene of sequenes and series.
Lemma 11 Let (xn)n≥1 be a real non-inreasing sequene. Suppose that the
series
∑∞
n=1 xn onverges. Then, we have
xn = o
(
1
n
)
(as n tends to innity).
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Lemma 12 Let (θn)n≥1 be a sequene of real numbers. Suppose that θn tends
to 0 as n tends to innity. Then the sequene with general term given by
1
2n
n∑
k=1
2kθk
also tends to 0 as n tends to innity.
Remark. Note that Lemma 12 is in fat a partiular ase of a more general
theorem in summability theory, alled SilvermanToeplitz theorem (see e.g. [2℄).
2.2 Proofs of the main results
Proof of Theorem 1. Let N be a positive integer. Sine (aording to (4)) the
sequene (lcm(b1, b2, . . . , bn))n inreases and tends to innity with n, N must
lie somewhere between two onseutive terms of this sequene. So, let r ≥ 1
suh that
lcm(b1, b2, . . . , br−1) ≤ N < lcm(b1, b2, . . . , br).
Then, by using Lemma 10, we have
1
N
N∑
n=1
τn = S1(N) + S2(N)f(N), (5)
where
S1(N) := −
br
L1L2 · · ·Lr
+
r∑
k=1
bk − bk−1
L1L2 · · ·Lk−1
, (6)
S2(N) :=
1
N
r∑
k=1
bk (7)
and |f(N)| < 1.
Next, set
S :=
∞∑
n=0
1
lcm{a ∈ A | a ≤ n}
.
To prove Theorem 1, we distinguish two ases aording to whether S onverges
or diverges.
1
st
ase: S < +∞. In this ase, sine the sequene (1/lcm{a ∈ A | a < n})n≥1
is learly non-inreasing, then by Corollary 11, we have
lim
n→+∞
n
lcm{a ∈ A | a < n}
= 0.
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By speializing in this limit n to the integers bk (k ≥ 1), we obtain (aording
to Lemma 5 and formula (4)) that
lim
k→+∞
bk
L1L2 · · ·Lk−1
= 0. (8)
On the one hand, aording to (8) and to Lemma 9, we have (beause r tends
to innity with N)
lim
N→+∞
S1(N) =
∞∑
k=1
bk − bk−1
L1L2 · · ·Lk−1
= S (9)
and on the other hand we have
S2(N) :=
1
N
r∑
k=1
bk
≤
1
lcm(b1, . . . , br−1)
r∑
k=1
bk
=
r∑
k=1
bk
L1L2 · · ·Lr−1
≤
r∑
k=1
bk
L1L2 · · ·Lk−1
2k−r (sine Li ≥ 2 for all i ≥ 1)
=
1
2r
r∑
k=1
2k
bk
L1L2 · · ·Lk−1
.
But by applying Lemma 12 for θk :=
bk
L1L2···Lk−1
whih is seen (from (8)) to tend
to 0 as k tends to innity, we have
lim
r→+∞
1
2r
r∑
k=1
2k
bk
L1L2 · · ·Lk−1
= 0.
So, it follows (beause r tends to innity with N) that
lim
N→+∞
S2(N) = 0. (10)
Finally, by inserting (9) and (10) into (5), we get
lim
N→+∞
1
N
N∑
n=1
τn = S,
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as required.
2
nd
ase: S = +∞. In this ase, by using (5), we are going to bound from
below
1
N
∑N
n=1 τn by an expression tending to innity with N .
On the one hand, we have
S1(N) := −
br
L1L2 · · ·Lr
+
r∑
k=1
bk − bk−1
L1L2 · · ·Lk−1
= −
br
L1L2 · · ·Lr
+
br − br−1
L1L2 · · ·Lr−1
+
r−1∑
k=1
bk − bk−1
L1L2 · · ·Lk−1
≥
br
L1L2 · · ·Lr−1
− 2 +
r−1∑
k=1
bk − bk−1
L1L2 · · ·Lk−1
(11)
(beause we obviously have bi ≤ lcm(b1, . . . , bi) = L1L2 · · ·Li, for all i ≥ 1).
On the other hand, we have
S2(N) :=
1
N
r∑
k=1
bk
≤
r∑
k=1
bk
L1L2 · · ·Lr−1
≤
br
L1L2 · · ·Lr−1
+
r−1∑
k=1
L1L2 · · ·Lk
L1L2 · · ·Lr−1
(sine bi ≤ L1L2 · · ·Li, for all i)
=
br
L1L2 · · ·Lr−1
+
r−1∑
k=1
1
Lk+1Lk+2 · · ·Lr−1
≤
br
L1L2 · · ·Lr−1
+
r−1∑
k=1
1
2r−k−1
(sine Li ≥ 2 for all i)
<
br
L1L2 · · ·Lr−1
+ 2. (12)
It follows, by inserting (11) and (12) into (5), that
1
N
N∑
n=1
τn = S1(N) + S2(N)f(N)
≥ S1(N)− S2(N) (sine |f(N)| < 1)
≥
r−1∑
k=1
bk − bk−1
L1L2 · · ·Lk−1
− 4.
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But sine (aording to Lemma 9)
∑∞
k=1
bk−bk−1
L1L2···Lk−1
= S = +∞, we onlude
that
lim
N→+∞
1
N
N∑
n=1
τn = +∞.
This ompletes the proof of the theorem. 
Proof of Corollary 2. In the situation of Corollary 2, A is the set of all positive
integers and then B is the set of the powers of prime numbers. We must repeat
the proof of Theorem 1 and give more preision to the two quantities
br
L1L2···Lr
and
∑r
k=1 bk. First let us show that
br ∼ logN (as N tends to innity). (13)
By the denition of r, reall that
lcm(b1, b2, . . . , br−1) ≤ N < lcm(b1, b2, . . . , br). (14)
Next, by Lemma 5, we have (sine A = N∗)
lcm(b1, b2, . . . , br) = lcm(1, 2, . . . , br),
lcm(b1, b2, . . . , br−1) = lcm(1, 2, . . . , br−1)
and by the prime number theorem (see e.g. [3℄), we have on the one hand
log lcm(1, 2, . . . , n) ∼ n (as n tends to innity)
and on the other hand (beause B is the set of the powers of prime numbers)
bn ∼ bn−1 (as n tends to innity).
Taking into aount all these fats, we derive from (14) that eetively br ∼
logN , onrming (13).
Now, we are going to be preise the order of magnitude of
br
L1L2···Lr
and∑r
k=1 bk. We have
br
L1L2 · · ·Lr
=
br
lcm(b1, b2, . . . , br)
<
br
N
(aording to (14)).
It follows, aording to (13), that
br
L1L2 · · ·Lr
= O
(
logN
N
)
. (15)
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Next, beause B is the set of the powers of the prime numbers, we have
r∑
k=1
bk =
∑
e≥1,p prime
pe≤br
pe =
∑
p prime
p≤br
( ∑
1≤e≤⌊ log br
log p
⌋
pe
)
=
∑
p prime
p≤br
p
p− 1
(
p⌊
log br
log p
⌋ − 1
)
.
Sine for any prime number p, we have p
p−1
≤ 2 and p⌊log br/ log p⌋ ≤ plog br/ log p =
br, it follows that
r∑
k=1
bk ≤ 2brπ(br),
where π denotes the prime-ounting funtion. But, by using again the prime
number theorem and (13), we have brπ(br) = O(
b2r
log br
) = O( (logN)
2
log logN
). Hene
r∑
k=1
br = O
(
(logN)2
log logN
)
. (16)
It nally remains to insert (15) and (16) into (6) and (7) respetively to obtain
(aording to (5) and to Lemma 9) that
lim
N→+∞
1
N
N∑
n=1
τn =
∑
n∈N
1
lcm(1, 2, . . . , n)
+O
(
(logN)2
N log logN
)
.
The orollary is proved. 
Proof of Corollary 3. In the situation of Corollary 3, A is the set of the prime
numbers and then B = A . So, for all n ≥ 1, we have an = bn = Ln = pn,
where pn denotes the n
th
prime number. Consequently, we have (in the ontext
of the proof of Theorem 1)
p1p2 · · ·pr−1 ≤ N < p1p2 · · ·pr. (17)
So, by the prime number theorem (see e.g. [3℄), we have
pr ∼ logN (as N tends to innity).
From this last, it follows that
br
L1L2 · · ·Lr
=
pr
p1p2 · · · pr
<
pr
N
∼
logN
N
(as N tends to innity),
whih gives
br
L1L2 · · ·Lr
= O
(
logN
N
)
(18)
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and that
r∑
k=1
bk =
r∑
k=1
pk ∼
p2r
2 log pr
∼
(logN)2
2 log logN
(as N tends to innity),
whih gives
1
N
r∑
k=1
bk = O
(
(logN)2
N log logN
)
. (19)
To onlude, it sues to insert (18) and (19) into (6) and (7) respetively and
use (5) and Lemma 9. The result of the orollary follows. 
Now, we are going to prove Proposition 4. To do so, we need the following
result of Erd®s [1℄.
Theorem (Erd®s [1℄) Let u1 < u2 < · · · be an innite sequene of positive
integers. Set U := {u1, u2, . . . } and suppose that
d(U ) > 1− log 2 = 0.306 . . .
Then, the real positive number
∞∑
n=1
1
lcm{u ∈ U | u ≤ n}
is irrational.
Proof of Proposition 4. The rst part of Proposition 4 whih onerns a
general set A is learly an immediate onsequene of the Main Theorem 1 and
the above theorem of Erd®s. Next, sine the set N
∗
of all positive integers has
asymptoti density 1 > 1− log 2, the irrationality of the onstant ℓ1 of Corollary
2 is a diret appliation of the rst part of the proposition. Now, let us prove
the irrationality of the onstant ℓ2 appearing in Corollary 3. We must notie that
this is not a diret appliation of the rst part of the proposition, beause the
set of the prime numbers has asymptoti density 0 < 1− log 2.
Let F denote the set of square-free numbers, that is the set of all positive
integers whih are a produt of pairwise distint prime numbers. It is known that
F has asymptoti density
6
pi2
> 1− log 2 (see e.g. [3℄). So, it follows by Erd®s'
result that the number
ℓ3 :=
∑
n∈N
1
lcm{f ∈ F | f ≤ n}
13
is irrational.
But we remark that for all n ∈ N, we have
lcm{f ∈ F | f ≤ n} =
∏
p prime
p≤n
p = lcm{p prime | p ≤ n},
whih shows that atually ℓ3 = ℓ2. Consequently ℓ2 is an irrational number. This
ompletes the proof of the proposition. 
Remark. The irrationality of both onstants ℓ1 and ℓ2 appearing in Corollaries 2
and 3 respetively an be shown by a more elementary way than that presented
in Erd®s' paper for the general ase.
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